Mathematical Foundation of Fluid
Mechanics

Outline of the lecture

eConservation of transportable quantities

eThe general form of the equations
eParabolic-elliptic and hyperbolic equations

eThe choice of dependent and independent variables
eBoundary conditions

eThe treatment of complex geometry

eThe first steps
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Conservation laws 2

Conservation of mass

Conservation of momentum

Conservation of energy (1, law of Thermodynamics)
Conservation of species

Second Law of Thermodynamics

eEach of the above equations has one transportable quantity as
dependent variable and

ecvery equation expresses the balance of various transport
mechanisms
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Balance of transport mechanisms 3

The temporal rate of change of a transportable quantity per
volume

transport through convection
+

transport through diffusion
+

production or destruction of the quantity
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Convective transport of variable

J = ,OV_»(D J, ‘]X+3—de

OIX

Components J,,],,3, Area: dz dy

Ix=pud, Jy=pv®, Jz=pw®d

eBalance of convective transport

. od
diszﬁJX+ y+é)‘]
&y

Z

per unit  volume

{(J,+dJ,)dy.dz—-J dy.dz}/dx.dy.dz
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Diffussive transport/1

Basic Diffusion laws:
eNewton’s law for “diffusion of momentum”
eFourier’s law for “diffusion of heat”

*Fick’s law for “diffusion of species”

N S X
= (L = kYT, g = ——VC
i ﬂ(ng '9Ui) v % =~<¢

All Diffusion laws are of the gradient type

D=-T,grad @
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Diffussive transport/2 6

Balance of diffusive transport o 4 FO% 4
D OX

X

divD = —div([,grad ®)  wes azay

Combined convective and diffusive transport

div(J + B )= div(pV - T, grad @)

= div(pV ®) - div(T,gradd)
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Production and destruction terms 7

examples of such terms S,

e -grad p

Body forces as

e Coriolis forces in atmospheric flows,
* buoyant forces,

» centrifugal forces,

o electrostatic forces

e volume or area sources of heat
 Kinetic heating

e phase changes

o chemical reactions
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General form of the balance equation | 38

o(p®)
ot

+ div(p\7® — F(DgradCD) =S,

net rate of change convection diffusion source

odiv and grad expressed on various coordinate systems
I.e. Cartesian, Curvilinear orthogonal, curvilinear, polar
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Choice of dependent variables &
coordinate system

Cartesian velocities & Cartesian coordinates
Contravariant velocities & Curvilinear
Orthogonal or not coordinates

Cartesian velocities & Curvilinear coordinates
Solution in physical or transformed space

Need for creating curvilinear body fitted grid
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E€iowoeig diatnpnong palac

v v L 1
(kapTECIAVO CUOTNHA CUVTETAYHEV®V) 0

FpV -V =0  (novvmentiki poppi)

@ 1% AV ( Jo, \7) = () (ouvTnenTIKA HOPPN)
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Nopoi diaTnpnong opHng 11
(un ouvTnPNTIKA €k@pacn)

Du oP or, O0rt, OJr, , .
_ + + + +p f, X-OLVIOTOGO OPUNG
Dt oOX OX oYy 01

Dv op oz, Jdr, 01,
——+ + +

Dt oy oOx 0y 01

bw 0P or, 07, Ot

——+ + +
]«Dt 0Zy OX 0V 02

+pf, y-GUVIGTMGCO, OPUNG

Z-GUVIGTOGO OPUNG

OAIkR \ AIGTHNTIKECG TAOEIC

napaymyoc EEWTEPIKEG DUVANEIG

KAion nieong
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EE1I00W0EIG OpHUNG
(ouvTnpNnTIKN EKPpPaon)

12

d(pu P oP 0 or, Ort,
(éOt )+V-(,OUV)=—6X+ (;X(X+ a; + 6Tz +pf,
- 0 0 0
(9(éOtV)+V.(pVV):_g|;+ af;y n af;y n aT;y +10fy
a(PW) -\_ 0P dr, 0t, 0dt,
ot HY ('OWV)_ 07 ox ’ oy ' 017 wot

X-GUVIGTMOGO OPUNG

Y-GUVIGTOGO OPUTNG

Z-GLVICTMCA OPUNG
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EEiocwon d1aTAPNONG EVEPYEIAC

(BN ouvTneNTIKA £kPpaocn) e

D V? . 0 [, 0T o (,0T o(,0T
p—l|e+—|=p Qg+ K + K + k
Dt 2 ox\ ox) oyl 0y) o0z\ 0z

n 5(U sz) " 8(ery) 4 8(V z-yy) 4 8(V sz)

_|_

o(uP)_o(vP) owP)  oluz,)  olur,)
O X oy 02 0 X oy

_|_
02 0 X oy 02

a(Wz-xz)_|_ a(WTyZ)+ 8(Wrzz)+p -F\7
0 X oy 0z

pﬂ(eﬂ_]:i p£e+£J Ly p£e+£}7 (cuvmnpnTii)
Dt 2 ot 2 2 EKppaon)

Népoi1 Aiatipnong




EK(PPACEIC TOV JIATHNTIK®OV TAGEWV 14

OpOEC SIATUNTIKEG TAOEIC
2o K S 2w N M W 2u WA
3 K K K 3 % X & 3 Fz XYy
qu W U Sw U 9w
Ty = ﬂ(@JF&) vi = /U(@JFE) xz = /U(E &)
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EEicmon HETAPOPAC ECWTEPIKNG 15
EVEPYEIQC

MpokunTel anod Tnv e€iowon dIaTnPNONG TNG EVEPYEIAC

De . 0 [, 0T o(,0T o[, 0T
p—=p(Q+ K + K + k
Dt ox\ ox) oyl o0y) o0z\ 0z
ou 6v aw ou ou ou
- P +
6x ay 0z

pg—=pq+v kvT)-P(V-V)+u @

@-[2[8—“T+2(QT+2(8—WT+[5“+8“T+(8“+8WJ2+(@+5—WY]-

0 X oy 0z oy OX 0z O0X oz 0Y

_2(ou_ av 8w ® ouvapTnon anoppoPnonc)
ax 8y 0z
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EEicmon HETAPOPUC EVTPONIac

16

1 DS_pDe_P Do
j Dt T Dt pT Dt

Ds k
PSS _v[XvyT|4g”
P Dt (T j ger

2 2 2
Sgen = k2 or + ot + ot +ﬁ®(wa3tt K)
T 0 X oy 02 T m
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MnTpwIKN HOPPN EEICWOEWV
diatnpnong

17

oU 8F 8(3 (’3H

=J
ot ax ay 0z

P pu
pu pu*+P-—r,
oV ) F:<pvu—rXy >
p W pWU_TXZ

V* V2 oT
ple+— e+—WU+Pu-k—-ur, -vr, —-wr
\ [ 2 ]) \[10( 2) 6X XX Xy Xz |

Népoi1 Aiatipnong




MnTtpwa G,H,]

18

oV
puv-r,

,0V2+P—z'yy

pPWV-T,

V2 kaT
P e+7 v+Pv-K—-urz, —-vr, —-wWr

\

yz

p(u f,+v i, +w fz)+pq)

oW
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pPW +P-7,

0z

V? oT
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2
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KAgioigo cuoTnuaroc AE

19

O1 npoc¢ eniAuon d1aPopIKES eEICWOEIC SIaTAPNONG Eival NEVTE:
Aiatnpnon padag (1), diatnpnon oppng (3), diatnpnon evepyeiag (1).

To cOomuo TV elo®oce®V OTNPNONG £YEL TEVTE OMPOPIKES EEICMGELS Ue €EL
ayvaootou (p, u, v, w, p, T). H ecotepikn evépyela € Tov peuotov ekepaleton pe pio,

eglowomn g Lopeng

e= e(p,T) nov Y aepla amronoteitar oty e =C, T pe C, v ewdwmn Oeppdomra

0V agpiov Vo otabepd dyKko kol Ta ) Bepuokpacio Tov aepiov.

Téhog n mieon, n mokvoTTa Ko N Ogprokpacio. GLVOEOVTOL LE TNV KOTAGTATIKN

gticoon p = p(p,T)
TOL Y10, OEPLOL TOUPVEL TN YVOGTY] LOPOT

P _Rrr
yo,
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Ek@ppaosic Twv AE diatnpnong o€ aAAa 50
opOoywvia CUCTNHATA CUVTETAYHEVWV

MeTaoyNMUATICHOS GUVTETAYUEVOV

Eotow «xopteciovd ocOOTMUO  GUVTETAYUEVOV (Xl,xz,x3) Kot U,,U,,u, éva
KOUTOAOYPOURO cvotnua. Metald tov 000 CUGTNUATOV VTEPYEL 1| LOVOGT|LOVIN
GYECT UETAGYNUOTIGLOD

x, =X (u,,u,,uy) (i=1,2,3)

Eva  ow@opwkd ovommuo upnkovg ds oto kopTECIAVO GUOTNUO  eKPpAleETON
ds? = dx} +dx; +dx;. 'Evo Swgopikd pnxog dx, katd unkog tov GEova X,
EKPPALETAL (G CLVAPTNOT TOV KOAUTLAOYPAUU®OV 0pOoY®VIKDV GUVTETAYUEV®Y

dxizzg—xi—duj
ou,

SVVETMOC TO O10PoPIKd unkog ds ekppaletal mg

2 2 2
ds* =| Prgu | | Zoqu, | +| Podu,
ou, ou, ou,
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METAOXNHATIOHOC OUVTETAYHEVWV 21

Ene1dn Opm¢ 10 KOUmTUAOYPAUULO GUGTNUO GUVTETAYUEVOV glvor opBoydvio TOTE TO
HEWKTO Yvopevo Ba elval undév, TpokvTEL

2 2 2
_ OX.
dszz(gi{)duf+[5—i)du§+£2xk]du§
ul u2 u3

ds* = alz (dul)2 "‘0‘22 (du2)2 "'0532 (du3)2

s (ox ) (ox ) (ox,) (ox)
onov @, = Z e R e B
T\ Ou, ou, ou, ou,

(1, J, k BovPoi deixtec)
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"‘Ek(ppaon avadeATa 22

270 KapmuAOYpappo cuotnua opboymviov cvvietaypévav U,,uU,, U, , 1 S10VUGUATIKY
GYEoM

V- [K(x)-v Y- IM% K(u,u )a%}

ko Y K otafepod
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KuAIvOpIKO OUCTNHA CUVTETAYHEV@WV | 23

(0) I'e KOAMVOPIKO GVOGTN O GUVTETAYUEVOV

X=rcosp, Yy=rsingp, Z=12
T01€
ox) (ay) (ozY
a’ = ax + ay + e =cos’ p+sin’ g =1
or or or
ox) (oy) (ozY)
a’=|—| + 9y +| — :(—rsing0)2+(rcosgo)2+0:r2
" \0p) \op) \0¢
ox\ (oy) (ozY
o= 2 D ] —0r041=1
0z 0z 01
Omnore:
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Z(PaIPIKO OUCTNHA CUVTETAYHEVWOV 24

(B) I'e ceaPLKO GVOGTNHO GUVTETAYUEVOV

X=rsinfdcosep, Yy=rsinfsing, Z=rcosd

o, =1, aq,:rsmé’, a, =T

2
szla rza+21. 8sin¢96+2.12 62
ror or) r-sinf 06 00 ) r°sin“ 0o
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A general form of the equation

25

Cartesian velocities-Cartesian coordinates
Nearly all equations are of the form

9, O oD
a(pq))-l-gj pUd— @&j =S

Characteristics ®=U,H,c keI, S(I)

multidimensional
turbulent flows require at least 6 equations
strong coupling

non-linear
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Source Terms S,

26

-O- -S¢-

1 0

u oP 0 ( 8uj 1 a( avj
——— +——| run

Oox Ox\' Ox/ ror OX

v _6_P_2uv+8( 8uj+13(r avj
o ox\or) ror\Mar

0 0

k G-na

(C14G-C,iid%)/k

S ERERBIRES)
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Classification of flow phenomena

27

Steady , unsteady
Incompressible , compressible
2D , 3D

General form of PDE
AD,, +2B®, +CO  +DOD,+ED +FO=G
Where A,B,C,D,E,F and G functions of x,y ,®,0,,®,

B2-AC=<,0,>
eParabolic,
eelliptic,
chyperbolic,
epartially elliptic
directional transport of information

type of boundary conditions
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Model Problems

28

Heat Conduction
Boundary layers
Recirculating flows
Supersonic flows

Time dependent problems

— Boundary value problems
— Initial value problems
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Starting steps 29

outline of the engineering problem
select dependent variables

select coordinate system

write down transport equations
write down boundary conditions (well posed
mathematical problem)

non-dimensionalize if possible
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Examples of grids and dependent
variables

— NEIREEEEEERE
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Examples of grid/2 31

Cy/d=3.6 Cx/d=16
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I
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<
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Examples of grid/3

An I.C engine

The intake port (UP Valencia)

A graphics package is a must
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Methods for grid generation

Solution of a Poisson equation with Dirichlet or
Neumann boundary conditions-forcing functions

“A Laplacian Equation Method for Numerical Generation of
Boundary-fitted 3D Orthogonal Grids”
T.Theodoropoulos, G. C. Bergeles
Journal of Computational Physics, vol. 82,No 2,1989,pp269-288

“Numerical Grid Generation Technique for 3D Complex Spaces”
Glekas, J., Bergeles, G., Athanassiades, N.

3rd Intern. Conference, Computational Methods and Experimental
measurements, Sept 1986,Porto Carras,Springer Verlag,Vol 2,pp905-916
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